An analytical solution using homotopy analysis method is developed to describe the nonlinear progressive waves in water of finite depth. The velocity potential of the wave is expressed by Fourier series and the nonlinear free surface boundary conditions are satisfied by continuous mapping. Unlike the perturbation method, the present approach is not dependent on small parameters. Thus solutions are possible for steep waves. Furthermore, a significant improvement of the convergence rate and region is achieved by applying Homotopy-Padé Approximants. The calculated wave characteristics of the present solution agree well with previous numerical and experimental results.
Introduction
Since the early development of wave theory describing steadily progressive wave motion using perturbation method (Stokes, 1847) , many nonlinear wave solutions in infinite/finite water depth have been obtained, both analytically and numerically, in the last century (e.g., Skjelbreia and Hendrickson, 1960; Schwartz, 1974; Cokelet, 1977; Rienecker and Fenton, 1981; Drennan et al., 1988) . Stokes (1880) calculated waves in deep water to O(a 1 5 ) (a 1 was chosen as the first Fourier coefficient of amplitude by Stokes) and waves in water of finite depth to O(a 3 ). Nearly 80 years later, De (1955) and Skjelbreia and Hendrickson (1960) obtained the fifth-order solutions for waves propagating in water of finite depth. Later, Schwartz (1974) and Cokelet (1977) obtained solutions of higher-order expansions, which made extensive use of computation by digital computer, and showed that high-order expansions indeed improve the accuracy. For the high-order solutions for Stokes expansions to be rapidly convergent, the expansion parameter must be small, leading to the well-known restrictions to Stokes approach, namely, not too high a wave and not too shallow water depth.
Expansions are also made in series in terms of the shallowness d/λ (see, for example, Chakrabarti (1987) where dmeans water depth and λ -wave length), giving rise to cnoidal wave solutions. Since the modulus of the elliptic functions occurring throughout the cnoidal wave theory becomes small for waves in deep water, for the cnoidal wave expansions to give accurate results, the wave height parameter H/d (H -the wave height) must be small (Rienecker and Fenton, 1981) . Therefore, cnoidal wave solutions are only applicable to waves which are not too high and in relatively shallow water conditions. Although the series expansions of Skjelbreia and Hendrickson (1960) and Fenton (1979) give good results for overall wave train parameters, such as, the wave speed; the details of the flow field, such as the fluid particle velocities are not always satisfactory (Rienecker and Fenton, 1981) .
In order to overcome the failure of Stokes approach to yield higher waves due to the chosen perturbation parameter, Schwartz (1974) extended the Stokes theory to very high order by using the wave height as the independent parameter instead. The ensuing series converged well for waves up to 97% of the highest. However, for higher waves extrapolation was necessary for a Available online at www.sciencedirect.com Coastal Engineering 54 (2007) 825 -834 www.elsevier.com/locate/coastaleng variety of water depths. Also, the convergence of the Schwartz's series deteriorated for very high waves and for very shallow depths (Cokelet, 1977) . Longuet-Higgins (1975) used a different perturbation parameter to calculate deep water waves, and found that each of the integral quantities exhibited maxima at a wave height slightly lower than the highest wave. Similar finding was also reported by Longuet-Higgins and Fenton (1974) for the solitary wave. Cokelet (1977) extended Schwartz's work and calculated the speed, momentum, energy and other integral properties of waves in water of arbitrary uniform depth. He also found that all calculated wave properties reach maxima at wave height slightly lower than the highest wave.
It is noted that all the above mentioned approaches were based on perturbation method such that the higher-order solutions are an order of magnitude smaller than the immediate lower one. These conditions place severe restrictions on the wave heights in shallow water and thus the Stokes theory and subsequent extensions to the theory are not generally applicable to shallow water. In addition, an inverse plane was used, making the approaches very complex for practical engineering applications.
Parallel to Stokes theory extension, series attempts have been made to develop a method which is equally valid for deep and shallow water and which is capable of direct application. Based on the use of truncated Fourier expansions for field quantities, (solving stream function instead of velocity potential) Chappelear (1961) and Dean (1965) developed a 'Fourier approximation method'. By choosing the expansions to satisfy the governing equation and bottom boundary condition, the problem is reduced to solving a set of nonlinear equations for each of the Fourier coefficients, and subsequently the wave properties, such as, the surface elevation and wave speed. As pointed out by Rienecker and Fenton (1981) , several aspects of Fourier approximation methods beyond just the truncation of the sereis may have inhibited its widespread use. These include the limitation to the attainable accuracy introduced by the use of a Simpson's rule integration in the solution process. Chaplin (1980) applied the Schmidt orthogonalisation process as an alternative to Dean's method, and obtained improved results. However, since the stream function expansions contain hyperbolic functions, neither of the above stream function approaches can be applied for waves in deep water.
Following the rapid development in computing facility, considerable research efforts on the development of progressive wave theory have been made using numerical approaches. Rienecker and Fenton (1981) directly solved the coefficients by Newton's method, which made the solution process much simpler. Their results agreed well with the numerical results for arbitrary uniform water depth of Cokelet (1977) and those in shallow water of Vanden-Broeck and Schwartz (1979) , and the results of fluid velocities agreed well with the experimental data of Le Méhauté et al. (1968) . This method was further simplified by Fenton (1988) and applied to waves in both deep and shallow water conditions. However, a shortcoming of the method was identified as it could occasionally converge to a wrong solution for very long waves. It was reported that such a problem could be overcome by using a 2nd-order cnoidal or 3rd-order Stokes solution as the initial estimate (Fenton, 1999) . By expressing the series as fractional Fourier approximations, Lukomsky and Gandzha (2003) successfully calculated steep sharp-crested waves in deep water. Clamond (1999 Clamond ( , 2003 applied an analytic transformation, the so-called renormalisation, to obtain accurate solutions of progressive waves in waters of finite depth and deep water from the first-order cnoidal wave solution of KDV equation. It was demonstrated that the solutions satisfy the Laplace equation exactly after renormalisation. However, the Bernoulli equation was satisfied exactly only at two points. Further, the solution was found to be not as accurate but only qualitatively consistent for very steep waves (Clamond, 2003) . Other relevant works could be found in Fenton (1999) .
Recently, a new analytic approach named homotopy analysis method (HAM) has seen rapid development. It has been successfully applied to many nonlinear problems and logically contains Lyapunov's small parameter method, the δ-expansion method, and Adomian's decomposition method (Liao, 2004) . Without depending on a small parameter such as in a perturbation approach, the HAM has a particular advantage in solving strong nonlinear problems. Other advantages associated with the HAM over the perturbation technique include greater flexibility in the selection of a proper set of basis functions for the solution and a much simpler method in the control of the convergence rate and region. In contrast to Schwartz's approach (Schwartz, 1974) , this further leads to the formulation of the boundary-value problem in the physical plane and gives rise to a general solution approach for a larger class of nonlinear problems (Liao and Cheung, 2003) . The HAM was first applied to the fluid mechanics problem by Liao (1995) and has been systematically described by Liao (2004) . Liao and Cheung (2003) successfully applied HAM in fully analytical way to waves propagating in deep water.
In this paper, the HAM method is extended to nonlinear progressive waves in waters of finite depth. The wave characteristics are calculated and compared with previously published results. The method described in this paper could be easily applied to practical engineering applications, as the solutions are functions of the wave physical parameters directly, namely, water depth d, wave height H, and wave number k.
Theoretical consideration

The basic idea behind HAM
For a nonlinear equation:
where N is a nonlinear operator, f(x, t) is the function to be solved, and x and t are spatial and temporal independent variables respectively. A homotopy can be constructed as:
where F(x, t; q) is the mapping function of f (x, t), f 0 (x, t) is an initial estimate of f (x, t), h − is a nonzero auxiliary parameter, and L is a linear auxiliary operator with the property of
It is obvious
Therefore, as the embedding parameter q varies from 0 to 1, F(x, t; q) maps continuously from the initial estimate of f 0 (x, t) to the exact solution f(x, t).
By Taylor's theorem, F(x, t; q) can be expanded with respect to the embedding parameter q as
where
Differentiating the zeroth-order deformation Eq. (2) m-times with respect to q at q = 0 and then dividing it by m!, we have the following mth-order deformation equation
If the series (5) converges at q = 1, we have
The auxiliary parameter h − provides us a convenient way to control and adjust the rate and region of the convergence. More detailed description of HAM can be found in Liao (2004) .
HAM for the wave problem 2.2.1. The description of wave propagation problem
Consider a two-dimensional steady gravity wave propagating in water of uniform depth. The fluid is assumed to be inviscid, incompressible and irrotational. The coordinate system (x, z) is set to move with the wave at a phase speed, C, where the x-axis is positive in the direction of wave propagation and the z-axis is positive vertically up from the still water level. The quantities ϕ(x, z) and ζ(x) are defined as the velocity potential and the wave elevation respectively. The fluid motion described by the velocity potential is governed by the Laplace equation:
The velocity potential ϕ(x, z) is subject to the free surface boundary conditions:
and the condition at sea bottom:
where g is the gravitational acceleration, K is the Bernoulli constant, and the subscripts x and z denote partial derivatives in the respective directions.
The solution forms
By satisfying Laplace Eq. (11) and sea bottom condition (14), the velocity potential ϕ(x, z) can be expressed by a set of base functions
in the form
where wave number k is defined as k = 2π/λ, α n is a coefficient. This provides us with the rule of solution expression for ϕ(x, z) (Liao, 2004) . Accordingly, the wave elevation ζ(x) can be expressed by a set of base functions
which provides us with the rule of solution expression for ζ(x).
N and L operators
Now we introduce HAM to satisfy the two nonlinear free surface boundary conditions (12) and (13). This is achieved by setting up the mappings ϕ(x, z) → Φ (x, z; q), ζ(x) → η(x; q), C → Λ(q), and K → θ(q), which leads to vary Φ(x, z; q), η(x; q), Λ(q) and θ(q) continuously from the initial estimates to the exact solutions given by ϕ(x, z), ζ (x), C and K respectively, as the embedding parameter q increases from 0 to 1. Define two nonlinear operators N 1 and N 2 by the free surface boundary conditions Eqs. (12) and (13) respectively as:
Two auxiliary operators L 1 and L 2 can be chosen as:
zeroth-order deformation equations
We construct the two zeroth-order deformation equations for the two nonlinear free surface conditions (12) and (13) as
where ϕ 0 (x, z) and ζ 0 (x, z) are the initial estimates of the velocity potential and the free surface elevation respectively.
Initial estimates
The incident wave velocity potential and dispersion relation
are chosen as the initial estimates of ϕ(x, z) and C respectively, where a 0,1 is a coefficient. In order to simplify the formulation of the free surface boundary conditions and the solution procedure, we choose:
2.2.6. mth-order deformation equations Define
and the following vectors:
Similar to Eq. (7), the mth-order deformation equations are obtained by differentiating the zeroth-order deformation Eqs. (23) and (24) m-times with respect to q at q = 0 and then dividing by m!, respectively. Due to the simple form of L 2 , the mth-order solution of elevation ζ m (x) could be simply solved as
Usually, R m i (i = 1, 2) is decided by Eq. (9) in HAM. However, Considering that the zeroth-order deformation Eqs. (23) and (24) are defined at the unknown boundary z = η(x; q), R m i (i = 1, 2) are defined as the following form instead
where the differential operator D m /Dq m at z = η(x;q) can be determined as (see Appendix for details)
Noting that R m i (i = 1, 2) is only dependent on results up to the (m − 1)th order, thus, ζ m (x) can be calculated directly from Eq. (38).
The mth-order solution for velocity potential ϕ m (x, z) is much more complicated due to the form of L 1 and D m /Dq m . From Eq. (7), we have
Substituting Eqs. (21), (30) and (40), the left-hand side of Eq. (41) can be written as:
then Eq. (41) can be expressed for brevity as
in which
The right-hand side of Eq. (43) is dependent on terms up to the (m − 1)th-order approximation, as well as C m and ζ m . Until now, C m is still unknown, thus an additional algebraic equation should be introduced to make the problem closed.
Solution method
Considering Eqs. (38) and (43), we obtain the expressions of velocity potential and wave profile as
Expanding Eq. (38), we have
Noting Eq. (47), K m−1 is obtained as
Substituting Eq. (46) into Eq. (43) and considering ζ 0 (x) = 0, we have
Considering the initial estimate for the phase speed in Eq. (26), we have
which determines C m as
where γ m (C → m − 1 ) and δ m (C → m − 1 ) are coefficients. To this point, only the coefficient a m,1 is still unknown. In order to solve a m,1 , an additional equation is introduced by relating the solution of the free surface to the wave height H:
which gives
where μ m and τ m are coefficients. The value of a 0,1 in the initial estimate ϕ 0 (x, z) can be determined by this expression directly:
It is noted that if C 0 is assigned with values other than Eq. (26), Eq. (51) is still valid even when n = 1, and C m can be determined after Eq. (55) is solved.
After all the coefficients a m,n are determined, it is straightforward to obtain solutions of ϕ m (x, z), ζ m , C m and K m to all orders. As long as the series converge, the exact solutions of ϕ(x, z), ζ(x), C and K can be obtained. The present analytic solution is obtained by performing symbolic computation using Mathematica 5 and verified by a Fortran program.
Results and discussion
According to Eq. (10), the Mth-order approximations of solutions are:
Wave characteristics such as velocity potential ϕ(x,z), surface elevation ζ(x), and the phase speed C are dependent on the wave steepness. Considering the dispersion relation between the phase speed C and the wave height H, it is also the tradition that the phase speed C is often chosen as the first basis for comparisons among wave theories. This quantity is also used to examine the accuracy of the results of the present HAM solutions for waves propagating in water of finite depth.
The convergence rate and region are controlled by the auxiliary parameter ħ in HAM. As ħ approaches 0, the convergence region enlarges accompanied by low convergence rate indicating that increasing number of terms are required in the approximation to maintain the same level of accuracy. However, the accuracy and convergence can be improved by the homotopyPadé technique. As demonstrated by Liao and Cheung (2003) , the homotopy-Padé approximants give converging results over a considerably large region at the same order of approximation. Similar technique is applied here and the improvement to the convergence and accuracy is more pronounced in the present study for wave propagating in waters of finite depth. Fig. 1 shows that results quickly converge to the accurate solution over a large convergence region (ħ ≤ −2/5) for H/d = 0.1729974. Table 1 shows that only the first few terms of the series provided an accurate approximation of the solution for the above value of H/d. The homotopy-Padé approximants achieved convergence to five digits at [3, 3] and six digits at [6, 6] . However, the present study indicates that more terms are required for convergence as the wave steepness increases depending on the choice of ħ.
Bernoulli constant K in Eq. (13) is important for locating the still water level exactly at z = 0, which is a result of the Galilean transformation to a non-inertial moving coordinate system (Morse and Ingard, 1968) . It can be omitted for wave propagation on deep water. However, it can lead to a difference of actual water depth with ζ in cases of finite water depth. The mean displacement of the free surface ζ can be calculated as
then the mean water depth is
where d 0 is the initial water depth. The effect of neglecting the Bernoulli constant K in Eq. (13) for shallow water waves generally leads to a negative ζ in HAM, making the actual water depth shallower. In order to demonstrate the effect of Bernoulli constant K on the computation of progressive waves on finite water depth, phase speed are calculated for both with and without K included in Eq. (13) and results are shown in Table 1 . It is seen that even very small nondimentional displacement of the free surface kζ resulted from neglecting K can lead a distinct difference in KC 2 /g. Schwartz (1974) and Liao and Cheung (2003) presented perturbation solution and HAM solutions respectively for waves propagating in infinite water depth. In order to further validate the current HAM solutions of waves propagating in finite water depth, the nondimensional phase speed squared, kC 2 /g, is computed, and the results are compared with those of Schwartz (1974) and Liao and Cheung (2003) . As can be seen from Table 1 Convergence of the series for H/d 0 = 0.1729974 Table 2 , in deep water, such as, kd = 10 4 , and for the wave steepness of up to H/λ = 0.140, the present homotopy-Padé approximation of finite depth agrees well with the corresponding deep water solutions of Schwartz (1974) and Liao and Cheung (2003) . Table 2 also shows that the present homotopy-Padé approximation converges rapidly with only a few number of terms (a maximum of 22nd-order for H/λ = 0.140) giving identical or very similar results over the range of wave steepness considered. This is a further demonstration of the excellent convergence rate in the present homotopy-Padé technique.
A detailed comparison between the present HAM solutions of waves in finite water depth and results of Cokelet (1977) and Rienecker and Fenton (1981) is presented in Table 3 . Results are given in terms of the nondimensional phase speed squared kC 2 /g at various values of H/d, for a constant value of exp (− kQ/C) = 0.5 (Q is the unit span denoting the total volume rate of flow underneath the steady wave per unit length in a direction normal to the x, z plane), corresponding to a wave length to water depth ratio λ/d ≈ 9. In order to make such comparison, the present solutions are calculated based on the physical parameters, e.g., the wave height H and the water depth d which are the results of the previous investigation of Cokelet (1977) and Rienecker and Fenton (1981) . The present homotopy-Padé approximation gave highly accurate results for waves all the way up to their maximum height. The convergence orders of the Homotopy-Pade´approximants of the series are given in the brackets. Again, rapid convergence rate is shown in Table 3 with the 56th-order approximation (given by the [28, 28] ) of the solution series, kC 2 /g. Similar to the results of Cokelet (1977) and Rienecker and Fenton (1981) , the present HAM solutions give the maximum wave speed at a value of H/d = 0.672143 which is the well-known characteristics of the integral quantities reaching maxima before the highest wave is reproduced as stated earlier.
Le Méhauté et al. (1968) conducted experimental investigation in a wave tank, and the result was presented as the variation of the horizontal fluid velocity with depth under the wave crest. As pointed out by Rienecker and Fenton (1981) the appropriate frame of reference for comparison with physical wave tank experiments is the one in which the mass flux is zero since the experiments were performed in a closed wave tank implying no net mass transport under the waves. On the other hand, the frame of reference in the present approach is a mean Eulerian velocity of zero. In order to compare with experiment, the difference of these two frames of reference, the so-called Stokes drift need to be taken into account using the formula suggested by Hudspeth (2006) .
where u m and u e represent horizontal fluid velocity relative to the frames of reference corresponding to zero net mass flux and zero mean Eulerian velocity, respectively. Since the Stokes drift is a weakly nonlinear quantity, Eq. (62) is calculated to the second-order of wave height. For the higher-order approximations, however, the zero mass flux description turns out to require a much more elaborate derivation. Such a derivation has never been carried out to higher than third-order (Svendsen, 2006) . Fig. 2 shows the velocity profiles for different values of wave height and wave period from the present HAM solutions along with the experimental measurements of Le Méhauté et al. (1968) , and the Fourier approximation of Rienecker and Fenton (1981) . The results presented in Fig. 2 are for different values of nondimensional wave height H ⁎ = H/d and period T ⁎ ¼ T ffiffiffiffiffiffiffiffi g=d p . The agreement in Fig. 2 between the HAM solutions presented here and the experimental data and the Fourier approximation is very good, especially for higher waves.
Finally, in order to demonstrate the applicability of the present theory to an engineering problem of steep wave in finite depth, an example is chosen of H = 50 m, λ = 400 m and d = 100 m. The profile for this wave by the present theory is given in Fig. 3 and the nondimensional wave properties in terms of particle velocity u ⁎ = u(k/g) 1/2 and dynamic pressure p ⁎ = pk/ρg under the wave crest with depth below the still water level (SWL) are plotted in Fig. 4 . The HAM terms used to achieve convergence are [20, 20] . The presence of high nonlinearity in the wave is evident in the results.
Conclusions
An analytical approximation of steep nonlinear waves propagating in water of finite depth is derived using the homotopy analysis method. A high convergence rate over a considerably large convergence region can be achieved by applying the homotopy-Padé expansion to the solution series. Comparison with previous numerical and experimental results demonstrates that the present method not only gives highly accurate results for all the integral quantities, but also produces excellent results for the fluid velocity. The solution is valid for progressive waves in all constant water depths, and approaches the deep water solution accurately. The final results can be expressed as functions of physical parameters of importance, which is directly applicable engineering problems. The method presented in this paper can be applied to solve many nonlinear problems in water of finite depth. 
